Abstract-In this work we attenuate the oscillations of a mechanical system using a vibrational control term introduced in the elasticity of a spring. First we must analyze the stability of the system due to the induction of periodic excitation can cause parametric resonance.
INTRODUCTION
The linear differential equations with periodic coefficients have been studied extensively motivated by applications in the fields of physics and engineering [1] , for example in the study of suspension bridges [2] , rotating discs, elastic pendulums, the Kapitza pendulum [11] , vibrations in rotating shafts [10] , propagation of acoustic or electromagnetic waves or a system of a crane mounted on a ship under the action of the waves to name just a few.
Basis of such equations were established by several authors including Floquet [8] , Hill [9] , Mathieu [7] , Faraday [6] , and others. Very detailed and deep presentations are the works of Yakubovich and Starzhinskii [2] and [12] .
In this work we analyze the stability of a mechanical double harmonic oscillator subject to a parametric periodic excitation induced in the elasticity of a spring and we increase the attenuation of the system temporal response adding a vibrational parameter, we characterize the values of the parameter in order to achieve the maximum attenuation.
II. PERIODIC SYSTEMS
The periodic systems are a kind of systems described by the equation:
Where the elements of A(t) are piecewise continuous periodic functions, with minimum period T.
A. Properties of periodic systems
The solution of (1) is:
, In general , cannot be computed for the periodic case, except for some very specific systems.
Theorem 1: [3] , [15] A system like (1), with has at least one no identically zero solution, such that
Let a homogeneous system like (1), then there exist a periodic and invertible matrix and a constant matrix such that (See [1] and [2] ). )
Last equation shows that the monodromy matrix is similar to . If we assume 0, then for any 0, t can be written as:
, (non negative integers) 0, .
Boundedness of x t depends only on the boundedness of the factor M due to τ, 0 is bounded because 0, and a linear System cannot go to infinity in finite time; and x(0) is also bounded.
The above result show that the system stability depends only of the eigenvalues of the monodromy matrix.
B. The Hill's equation
The Hill's equation is a second order linear homogeneous equation with real periodic coefficients [4] , without loss of generally p(t) is a zero average function.
Its stability analysis is much more involved than linear differential equation with constant coefficients [5] , [2] .
Hill's equation (2) can be represented in state space form:
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C. Stability of Hill's Equation
For linear systems described by ordinary differential equa-tion with periodic coefficients, the Floquet's theory can be used to reduce the problem of stability to the calculus of eigenvalues of the Monodromy Matrix, which is roughly speaking, the state transition Matrix evaluated after one Period.
D. Monodromy matrix
The Monodromy matrix is defined in [3] as:
,
where t, t is a fundamental matrix of the system x Ax and T is the minimum period of p(t).
It may be proved that σ M does not depends on t [3] ; where σ R represents the set of eigenvalues including multiplicity of the square matrix R.
E. Stability criteria for the Hill's equation
Theorem 2: The periodic system (3) This theorem gives us necessary and sufficient conditions about the system stability using the eigenvalues of the monodromy matrix [4] .
F. Vibrational control
Given the system described by the equation , where b ∑ a sin s t θ are periodic functions with zero mean value, then: x A B t x 6 Vibrations used for control and stabilization can be arbitrary periodic functions in form and frequency on the understanding that they must have zero mean value [14] .
Definition 3: The system described by the equation (5), will be said vibrationally stabilizable, if there exists a periodic matrix B t (with zero mean value), such that the trivial solution x 0 of the system (6) is asymptotically stable [14] .
1 Any monodromy matrix means that does not matter for which value of t0 is calculated.
III. DEVELOPMENT
Now, using the mathematical model of the double harmonic oscillator, we make a stability analysis when one of its parameters varies periodically.
A. The double harmonic oscillator
The diagram of the double harmonic oscillator is: Figure 1 . Double harmonic oscillator scheme.
The movement equations of the system are (See [13] ):
The matrix representation of the system is: In the equation (7), if the stiffness of any spring varies periodically, the equation (7) is a Hill's type matrix equation.
B. Temporal response of the system
The temporal response of the equation (7) 
o Observe that the value at 4000 sec. has an amplitude about 0.22 due to the damping term of the equation (7) .
We want to increase the damping of the system using a vibrational control term and attenuate the oscillations.
C. Stability analysis of the system in presence of parametric excitation
We must ensure the stability of the system when we add the periodic excitation term, for this purpose, we analyze the equation (7) and considering that the stiffness of the spring c varies periodically in time, as , where
The system equation is:
Using a Matlab algorithm that draws the stability diagram of figure 3. The algorithm that draw the stability diagram works as follows. First, we calculate the System Monodromy matrix column by column, for that we solve numerically de equation (8) one time for each vector of initial condition defined by each one of the identity matrix columns, next that we obtain the eigenvalues of the monodromy matrix and evaluate them in the stability criterion given in the theorem 2. We draw a gray point if the system is unstable, white points are the stable zones (See [16] ). The tongues consist of unstable areas are the so called Arnold Tongues [4] .
D. Inducing damping of the double harmonic oscillator
The goal of this work is to reduce the oscillation's amplitude of the system (increase damping), for this purpose we incorporate a periodic parametric oscillation over the stiffness of the  spring of the form:
We need to chose the values of , and  that reduced the oscillation and ensure stability of the system. To achieve this, in the previous section we construct the stability diagram of the system, considering a periodic variation of . (See figure 3) .
In order to appreciate the effects of parametric excitation induced in  we leave one of the excitations parameters fixed and vary only the remaining two.
1) Case 1: Using a fixed : Given
1 we chose the values of  and  to increase the damping term in the equation (7), for example we chose 1.5, and adjust the  value to get the best possible vibrational control term for attenuate the oscillations.
The  value is chosen in the stable region located in the middle of the two Arnold tongues (See figure 4) . The induced damping for the vibrational control term is greater for the minimum value of 1.4 in the middle of the stable interval, and decrease in the other values of this parameter.
In the figure 5 the attenuation of the system is about 30% greater that the system without the parametric excitation, the system amplitude response is 0.152 (in the original system is 0.22). If  is greater of this value the induced damping is not increase. This is, for a given values of  and  there exists a minimum value of  that give us the maximum induced damping. This can be seen in the Figure 6 . Figure 6 . The figure shows the attenuation pattern in the first and second stability intervals using 1.5, 1. We can see that the maximum induced attenuation is achieved in the first stability interval.
Now we change the value of  to 0.5 and repeat the experiment, we try to determine the  value to reach the maximum parametric attenuation.
In the next table we show the values of the excitation parameter  to obtain the maximum attenuation to different values of .
In the three examples of this case, we can see that for a greater β the α value to reach the maximum attenuation is smaller.
2) Case 2: Using a fixed α: In this case we start with the first example of the previous case. Given fixed α = 1.4 and selecting β = 1.5.
We note when the frequency is increase the maximum attenuation is reached for a smaller α. Using a reduced α = 1 we adjust the frequency parameter  to ensure the best possible incorporated damping term. The periodic excitation term has the form 1 1.5 . For  = 5 we achieve the maximum induced damping due to the periodic excitation term (temporal response amplitude is 0.152).
The system response is: Figure 9 . Temporal response of the system using 1 1. 5 5 . This figure shows that it is possible to induce damping varying the frequency of the periodic excitation too.
In the frequency variation case from the maximum attenuation, the reduction of the frequency cause a smaller attenuation in the system response, but in the same way the increase of the frequency has the same effect.
E. Conclusion
We report here an example of a relatively simple mechanical system, in this case a double harmonic oscillator, we can see that if there is periodic variation in some of its parameters, the damping of the system increase if the values of the parameters are adequate. It is possible to reach the same final amplitude in the system response approximately in three quarter part of time, and it's possible to attenuating the final amplitude approximately 30%. In addition for a greater  in the parametric excitation the maximum induced attenuation is reached for a smaller value of  and if the frequency is increase the value of  for a fixed  in smaller too.
It is possible too, add the parametric vibrational control in more than one of the parameters of the system.
